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A graph with at least 2k + 2 vertices is said to be k-extendable
if any independent set of k edges in it extends to a perfect
matching. We shall show that every 5-connected graph G of even
order embedded on a closed surface F 2, except the sphere, is
2-extendable if ρ(G)  7 − 2χ(F 2), where ρ(G) stands for the
representativity of G on F 2 and χ(F 2) for the Euler characteristic
of F 2.
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0. Introduction
Our graphs are all ﬁnite and simple. We denote the vertex set and the edge set of a graph G by
V (G) and E(G), respectively. The number of vertices of G is often called the order of G . A pair or
a set of edges in G is said to be independent or is called a matching if no two edges belonging to it
have a common end. In particular, an independent set of edges which covers all vertices in a graph is
called a perfect matching. A graph G with |V (G)| 2k+2 is said to be k-extendable if any independent
set of k edges in G is contained in a perfect matching.
Plummer [7,8,6] introduced this notion of k-extendability of graphs and discussed it, in relation to
topological properties of graphs on surfaces. For example, he proved the following theorem:
Theorem 1. (See Plummer [8].) Every 5-connected planar graph of even order is 2-extendable.
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4-connected, as follows. Let G be a graph and {e1, e2} an independent pair of edges e1 = u1v1 and
e2 = u2v2. If G − {u1, v1,u2, v2} has an odd component, that is, a connected component consisting of
an odd number of vertices, then the subgraph in G induced by the odd component and {u1, v1,u2, v2}
is called a generalized butterﬂy; shrinking the odd component to a vertex, we obtain a butterﬂy, which
is a one-point union of two triangles. It is clear that if G contains a generalized butterﬂy, then G is
not 5-connected and is not 2-extendable, for any matching containing the two edges u1v1 and u2v2
must leave at least one vertex in each odd component uncovered. The following theorem suggests
that the generalized butterﬂy serves as a critical structure to destroy the 2-extendability of planar
graphs.
Theorem 2. (See Plummer [8].) Every 4-connected maximal planar graph of even order is 2-extendable unless
it contains a generalized butterﬂy.
More generally, Plummer [6] has shown that given a closed surface, there exists a lower bound
for natural numbers k such that the surface admits no embedding of any k-extendable graphs and
Dean [3] has determined the precise value of the bound, which is equal to 2+ √4− χ(F 2), where
χ(F 2) stands for the Euler characteristic of the closed surface F 2.
The representativity (or face-width) of a graph G embedded on a closed surface F 2, except the
sphere, is deﬁned as the minimum number r such that any non-contractible simple closed curve
on F 2 meets G in at least r places and is denoted by ρ(G) here. A graph G is said to be r-
representative if ρ(G) r. Recently, Aldred, Kawarabayashi and Plummer [1] proved that a 5-connected
triangulation of even order on a closed surface of positive genus g is 2-extendable if it has suﬃciently
large representativity.
In this paper, we shall show the following theorem for general graphs with large representativity:
Theorem 3. Every 5-connected graph G of even order embedded on a closed surface F 2 , except the sphere, is
2-extendable if ρ(G) 7− 2χ(F 2).
It is easy to construct 5-connected triangulations G of even order on any closed surface F 2 with
arbitrarily large representativity. It follows from Euler’s formula that the average degree of G is equal
to 6 − 6χ(F 2)/|V (G)| and hence G has a vertex v of degree 5 or 6 if G has a suﬃciently large
number of vertices. We can choose an independent set of three edges around v so that they cover the
neighbors of v but do not cover v and the independent set does not extend to any perfect matching.
Thus, “2-extendable” in the above theorem cannot be replaced with “3-extendable” even if we change
the lower bound for ρ(G) to any value.
Connectivity 5 is also best possible in the above theorem. For, any triangulation having a vertex of
degree 4 contains a butterﬂy. It is easy to construct such a triangulation on any closed surface which
is 4-connected and has arbitrarily large representativity.
The lower bound for the representativity given in [1] is exponentially large, but our bound is linear
with respect to the genus of the surface. Theorem 3 presents a more detailed statement involving its
value. In particular, it follows that every 5-connected graph on the orientable closed surface of genus
g  1 is 2-extendable if ρ(G) 4g + 3.
Mizukai, Negami and Suzuki [4,5] have investigated the 2-extendability of graphs on the projec-
tive plane, the torus and the Klein bottle and have proved that every 4-representative 5-connected
graph G on the torus or the Klein bottle is 2-extendable. This suggests that our bound for the rep-
resentativity may not be best possible in general. In fact, we do not know yet whether the best
possible bound is actually of linear (or sublinear) order with respect to the genus of the surface or
not. However, we can show that no constant bound on the representativity would suﬃce. This will be
discussed after the proof of Theorem 3.
In Section 1, we shall give a necessary and suﬃcient condition for a graph to be 2-extendable
and discuss a certain structure concerning the 2-extendability of graphs on closed surfaces, modifying
Plummer’s arguments in [8]. In Section 2, we shall prove Theorem 3, carrying out topological argu-
ments to estimate the representativity of 2-extendable graphs on closed surfaces. In Section 3, we
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how to improve the lower bound for the representativity that makes a 5-connected graph on a closed
surface 2-extendable.
1. Blockers
Henceforth for any graph H , o(H) will denote the number of odd components of H . Let G be a
graph and {e1, e2} an independent pair of edges with end vertices ui and vi (i = 1,2). A subset S in
V (G) is called an {e1, e2}-blocker or simply a blocker if it satisﬁes the following two conditions:
(i) S ⊃ {u1, v1,u2, v2}, and
(ii) |S| o(G − S) + 2.
In fact, “a blocker” has been deﬁned as a set of vertices with (i) and (ii)′ |S| = o(G − S) + 2 by
Plummer [8]. However, we need the assumption that G is 1-extendable to ensure the condition (ii)′
while our arguments below do not need such an assumption. We call the pair (|S|,o(G − S)) the type
of a blocker S .
Lemma 4. A graph G of even order is 2-extendable if and only if G contains no blocker.
Proof. To show the suﬃciency, suppose that G is not 2-extendable. Then there is an independent
pair {e1, e2} of edges which does not extend to any perfect matching. That is, G ′ = G −{u1, v1,u2, v2}
does not have a perfect matching. By Tutte’s 1-Factor Theorem, there is a subset S ′ ⊂ V (G ′) with
|S ′| < o(G ′ − S ′). Put S = S ′ ∪ {u1, v1,u2, v2}. Then we have
|S| − 4 = ∣∣S ′∣∣< o(G ′ − S ′)= o(G − S).
Since G has an even number of vertices, we have |S| ≡ o(G− S) (mod 2) and hence |S| o(G− S)+2.
This implies that S is a blocker.
To show the necessity, suppose that G has an {e1, e2}-blocker S . If there is a perfect matching M
containing e1 and e2, then at least one edge belonging to M joins each odd component of G − S to a
vertex in S . Since four vertices in S are covered by e1 and e2, such edges are at most |S| − 4 in total.
This implies that o(G − S)  |S| − 4, which is contrary to the condition (ii) for S . Therefore, {e1, e2}
does not extend to any perfect matching and G is not 2-extendable. 
To analyze blockers, Plummer [8] has deﬁned the following bipartite graph derived from G and S
as follows. Here S is not assumed to be a blocker. Remove all even components of G − S and shrink
each of the odd components of G − S to a separate vertex, say xi . Delete the edges joining vertices
in S and some edges between S and X = {x1, . . . , xo(G−S)} so as to eliminate multiple edges. We
denote the resulting graph by B(G, S). It is clear that B(G, S) is a bipartite graph with partite sets S
and X . This has been called the “BG graph” in [8]. We shall use this notation hereafter.
Lemma 5. Let G be a 5-connected graph of even order embedded on a closed surface F 2 with the Euler char-
acteristic χ(F 2) and S an {e1, e2}-blocker for edges ei = ui vi . Then we have
o(G − S) 4− 2χ(F 2).
Proof. Perform the deformation to construct B(G, S) from G on the surface F 2. If a self-loop appears
in the process of shrinking an odd component, then we should delete it, rather than contracting it;
otherwise, the surface would be pinched. Then B(G, S) is naturally embedded on F 2 but it might
have some non-2-cell faces. Replace each such face with a 2-cell to obtain a closed surface F 20 where
B(G, S) is 2-cell embedded. Then we have χ(F 20 ) χ(F 2).
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∣∣V
(
B(G, S)
)∣∣= |S| + o(G − S).
Applying Euler’s formula to the bipartite graph B(G, S) on F 20 , we have the following inequality as is
well known:
∣∣E
(
B(G, S)
)∣∣ 2
∣∣V
(
B(G, S)
)∣∣− 2χ(F 20
)= 2|S| + 2o(G − S) − 2χ(F 20
)
.
Note that equality holds in the ﬁrst inequality only when B(G, S) is embedded on F 20 as a quadran-
gulation, that is, each face is a quadrilateral.
On the other hand, each vertex xi has degree at least 5 since G is 5-connected; otherwise, a subset
of S consisting of less than 5 vertices would form a cut in G which separates the odd component
corresponding to xi . This implies that:
∣∣E
(
B(G, S)
)∣∣ 5 · o(G − S).
Combining these inequalities on |E(B(G, S))| and substituting |S| o(G − S) + 2, we obtain the fol-
lowing inequality:
o(G − S) 4− 2χ(F 20
)
.
Since χ(F 20 ) χ(F 2), the inequality in the lemma follows. 
2. Large representativity
First, we present some terminology to carry out topological arguments over closed surfaces. A sim-
ple closed curve  on a closed surface F 2 is said to be essential if it is non-contractible, that is, if it
does not bound any 2-cell region on F 2. We often say that a cycle in a graph G embedded on F 2 is
essential if it can be regarded as an essential simple closed curve on F 2.
Lemma 6. If a graph G is 2-cell embedded on a closed surface F 2 except the sphere, then G contains an
essential cycle.
Proof. Since G is 2-cell embedded on F 2, the surface F 2 can be regarded as a CW-complex with
1-skeleton G . Thus, it is well known in algebraic topology that the inclusion map i : G → F 2 induces
a surjective homomorphism i∗ : π1(G) → π1(F 2) between their fundamental groups. If G contains no
essential cycle, then i∗(π1(G)) is trivial and hence so is π1(F 2). This implies that F 2 is homeomorphic
to the sphere. 
Let  be a simple closed curve on a closed surface F 2 which has two sides; that is, its tubular
neighborhood (i.e., that part of the surface bounded by the two curves lying at distance  on each
side of ) is homeomorphic to an annulus. Cut F 2 open along  and cap off the resulting two bound-
ary curves with two disks to obtain another closed surface F 2. We call this procedure the surgery
along . The resulting surface F 2 may be disconnected with two components F 21 and F
2
2 in general.
In this case, the original surface F 2 is said to be obtained from F 21 and F
2
2 by their connected sum. It
should be noticed that the connected sum of any closed surface F 2 and the sphere yields a surface
homeomorphic to F 2 itself.
Proof of Theorem 3. Let G be a 5-connected graph of even order embedded on a closed surface F 2.
We may assume that G is 2-cell embedded on F 2. Suppose that G is not 2-extendable. Then G has
an {e1, e2}-blocker S for an independent pair {e1, e2} of edges. We shall show below that there is
an essential simple closed curve  that meets G only in vertices belonging to S . This implies that
ρ(G) |S| and the theorem follows since we know that |S| o(G − S)+2 6−2χ(F 2) by Lemma 5.
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vertex and one in an even component of G − S a red vertex here. Also each edge joining two vertices
in S is black. Construct a graph HS over S as follows.
Look at each face A of G , which is a 2-cell since G is 2-cell embedded on F 2. If the boundary
walk of A contains only one black vertex, then we do nothing to this face A. On the other hand, if
the boundary walk of A contains at least two black vertices, then they divide the walk into several
segments, each of which consists of only white vertices or red vertices. Join each black vertex along
the walk to the next black one with a black edge. Then the black edges so added in A form a closed
trail bounding a 2-cell region inside A, or one black edge forms a diagonal dividing A into two 2-cell
regions. The 2-cell region in the former case will be called a black face of HS . The graph HS is deﬁned
as the black graph consisting of the black vertices and the black edges, two of which are e1 and e2.
The black graph HS is naturally embedded on F 2. If HS is 2-cell embedded on F 2, then it contains
an essential cycle by Lemma 6 and such a cycle can be regarded as or be deformed into an essential
simple closed curve  on F 2 which meets G only in S . However, HS might not be 2-cell embedded
and might not be connected in general. Some of faces of HS are black faces as mentioned above and
each of the others is a face containing one of the odd or even components of G − S; call it a white
face or a red face, respectively.
Choose any face A′ of HS on F 2, which may not be a 2-cell or whose boundary may not be
connected at this stage. In the latter case, the boundary consists of two or more boundary walks.
Given one such boundary walk, say W , we denote by W a simple closed curve on F 2 which runs
inside the face A′ of HS along W and close enough to W so that the annular region between W and
W contains no vertex of G . Thus, if W is essential on F 2, then it can be deformed into an essential
closed curve ′ meeting G in S . Such a closed curve ′ might not be simple, but it is easy to ﬁnd a
simple one along ′ . So we suppose that W bounds a 2-cell on F 2 for the boundary walks W of all
faces. This assumption implies that W separates the surface F 2 into two subsurfaces, one of which
must be a 2-cell. Let EW denote one of the two subsurfaces which contains F 2 − A′ and FW the
other, that is, one that contains A′ minus the annular region between W and W .
Take one of the W ’s and if FW is not a 2-cell, then we perform the surgery along W . Repeat
this as long as possible. Finally, we obtain many components and their connected sum recovers the
original surface F 2. Some of them contain a 2-cell embedding of a connected component of HS while
each of the others comes from a white or red face of HS and contains only white vertices or red
vertices of G . Call each of the ﬁrst type a base component and the others white or red components,
according to the colors of vertices that they contain.
Here it should be noticed that the surface F 20 used to evaluate an upper bound for o(G − S)
in the proof of Lemma 5 can be obtained as a connected sum of the base components and some
spheres corresponding to white components. For, each odd component D of G − S contained in a
white component should be shrunk into one vertex vD . If we maximize χ(F 20 ), then the white face
of HS containing D should be replaced with a planar surface, that is, a disk or a punctured disk, to
obtain F 20 ; we can put vD in the planar surface and join it to its boundary freely.
On the other hand, F 20 is neither one sphere nor a disjoint union of spheres. If it were, then we
would have o(G − S) 4− 2χ(F 20 ) 0 and |S| o(G − S) + 2 2, which is contrary to the fact that
S contains at least four vertices. Thus, at least one of components of F 20 is not homeomorphic to the
sphere. This implies that at least one of base components is not the sphere either. Thus, the compo-
nent of HS lying in the base component contains a cycle C which is essential on F 20 by Lemma 6.
It is clear that C can be regarded as an essential cycle on F 2 as well since F 2 can be obtained as a
connected sum of the base component containing C and some closed surfaces missing C .
At this point, we have found an essential cycle C in HS , which may pass through e1 and e2.
However, we can deform it into an essential simple closed curve  on F 2 which meets G only in S .
Therefore, we have ρ(G) |S| 6− 2χ(F 2). The theorem follows. 
As is well known, the Euler characteristic χ(F 2) of a closed surface of genus g (or q) can be
written as 2 − 2g (or 2 − q), depending on its orientability. Substituting this into the theorem, we
obtain the following two corollaries:
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4g + 3.
Corollary 8. A 5-connected graph on the non-orientable closed surface of genus q  1 is 2-extendable if
ρ(G) 2q + 3.
As we stated in the introduction, we shall show that no constant bound on the representativity
would suﬃce. To see this, we recall the following result [2, Theorem 4.1]. Here we denote the set of
faces of G embedded on a closed surface by F (G).
Theorem 9. (See Archdeacon, Hartsﬁeld and Little [2].) For each n, there exists a graph Gn, embedded on an
orientable surface with face set F (Gn), such that:
(i) Gn is n-connected,
(ii) ρ(Gn) n,
(iii) every face is of size at least n, and
(iv) |F (Gn)| n · |V (Gn)|.
It should be noted that the graph Gn constructed in the proof of Theorem 9 has an even number
of vertices and an even number of faces. Let us denote the set of faces of Gn by F (Gn).
Now insert a new vertex in each face of Gn and join it to all vertices of the face boundary. The
resulting graph G ′n is an n-connected triangulation with representativity at least n and |V (G ′n)| =|V (Gn)|+|F (Gn)| is even. Let S = V (Gn). Then o(G ′n− S) = |F (Gn)| n|V (Gn)| = n|S| > |S| by part (iv)
of the above theorem. By Tutte’s 1-Factor Theorem, G ′n does not even contain a perfect matching.
Dan Archdeacon reports that the result corresponding to Theorem 9 for non-orientable surfaces fol-
lows by similar techniques. Hence our construction may also be extended to the non-orientable case.
It should be noticed that the graphs G ′n so constructed are embedded on different closed surfaces. For,
any triangulation G on a closed surface F 2 has a vertex of degree at most 6 − 6χ(F 2)/|V (G)|. This
implies that there are only ﬁnitely many 7-connected graphs embedded on F 2; they have at most
6|χ(F 2)| vertices.
3. Small representativity
As mentioned in the introduction, every 4-representative 5-connected graph on the torus or the
Klein bottle is 2-extendable, but the bound for ρ(G) given in Theorem 3 is 7 for these surfaces.
Furthermore, it has been shown in [4] that every 5-connected graph on the projective plane is 2-
extendable, not depending on its representativity. These facts imply that the bound 7 − 4χ(F 2) in
Theorem 3 is not sharp.
According to our arguments in Section 1, there are only ﬁnitely many types of graphs on any closed
surface that are 5-connected and are not 2-extendable. Recall that the “type” of such a graph G is
deﬁned as a pair of parameters (s, t) such that s = |S| is the size of a blocker S in G and t = o(G − S)
is the number of odd components of G − S . These two parameters s and t must satisfy the following
conditions:
5 s 6− χ(F 2), s − 2 t  4− χ(F 2).
In particular, if s and t attain the larger bounds, then B(G, S) is a bipartite graph with partite sets
of size s and t and is embedded on F 2 as a quadrangulation. Furthermore, it follows that there is no
even component of G − S and that each odd component of G − S is planar.
Following this argument, Mizukai, Negami and Suzuki [4,5] have classiﬁed the forbidden struc-
tures for the 2-extendability of 5-connected graphs on the torus and those on the Klein bottle. Fig. 1
presents one of them. Identify each pair of parallel sides of the rectangle in Fig. 1 to obtain the torus.
Then we obtain a 5-connected triangulation G0 on the torus with ten vertices and with ρ(G0) = 3.
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Let S be the set of the six black vertices in the ﬁgure. Then G0 − S consists of four white vertices,
which are isolated and can be regarded as odd components of G0 − S . It should be noticed that each
white vertex xi has degree 5 and is contained in a pentagonal disk bounded by the link around xi ,
which is a cycle consisting of the neighbors of xi . Since |S| = o(G0 − S) + 2 = 6, S becomes an
{e1, e2}-blocker for any independent pair of edges e1 and e2 joining only black vertices in S . Therefore,
G0 is not 2-extendable by Lemma 4. We may replace each white vertex with a suitable planar graph
consisting of an odd number of vertices.
Using this example, we can construct inﬁnitely many 5-connected triangulations on closed sur-
faces, except the sphere and the projective plane, that are not 2-extendable and are of type (6,4):
Theorem 10. Given a closed surface except the sphere and the projective plane, there are inﬁnitely many 5-
connected triangulations G on the surface with ρ(G) = 3 that are not 2-extendable.
Proof. It is not diﬃcult to construct inﬁnitely many 5-connected triangulations T with an odd number
of vertices on the orientable closed surface F 21 of genus g  0 so that it has at least one vertex of
degree 5, say x ∈ V (T ). Choose an xi in the graph G0 shown in Fig. 1 and replace the pentagonal disk
containing xi with the surface obtained from F 21 by removing the pentagonal disk on F
2
1 bounded by
the link of x to obtain an orientable closed surface F 2 of genus g  0 and a triangulation GT on F 2.
It is easy to see that GT is a 5-connected graph with ρ(GT ) = 3 and that S functions as a blocker
for GT . Therefore, GT is not 2-extendable.
Once again consider the graph embedded on the torus as shown in Fig. 1. Now identify the hori-
zontal pair of sides of the rectangle in parallel as for the torus and identify the vertical pair of sides in
anti-parallel fashion to obtain the Klein bottle. Let G˜0 be the resulting triangulation on the Klein bot-
tle, which is 5-connected with ρ(G˜0) = 3. Similarly to the previous case, we can construct inﬁnitely
many 5-connected triangulations G˜ T on the non-orientable closed surface of genus q  1; T should
be a 5-connected triangulation either on the non-orientable closed surface of genus q  1 or on the
sphere with q = 0. Then G˜ T is not 2-extendable and ρ(G˜ T ) = 3. 
If we could classify all forbidden structures for 2-extendable 5-connected graphs G on a given
closed surface F 2, we would obtain the desired sharp lower bound for ρ(G). Or if we could estimate
theoretically the length of essential cycles in a graph embedded on F 2 to be shorter, we would im-
prove upon Lemma 6. For example, if we ﬁnd a spanning tree which has many branches, then the
cycles each of which contains exactly one edge in its cotree will be shorter. As is well known in al-
gebraic topology, these cycles generate the fundamental group π1(G) and hence at least one of them
must be essential on the surface F 2. It is easy to see that the length of such a cycle does not exceed
|V (G)| − (G) + 2, where (G) stands for the maximum degree of G .
In our proof of Theorem 3, we used the graph HS over S to ﬁnd an essential simple closed curve 
on F 2 which meets G only in a blocker S . If our bound for ρ(G) were sharp, then the essential cycle C
found in the proof would be a Hamilton cycle in HS . If either (HS )  3 or if HS is disconnected,
then we could ﬁnd another essential cycle in HS shorter than C . This will improve the bound for
ρ(G) in Theorem 3 by a constant.
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